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Abstract

A fundamental requirement for many precision spectroscopic applications is the de-
velopment of stable lasers with narrow linewidths. However, accurately verifying laser
linewidths becomes increasingly challenging as the linewidth decreases. In the field of
frequency metrology, the delayed self-heterodyne technique has long been regarded as
one of the most reliable and accessible methods for linewidth characterization, favored
for its low equipment cost and reproducible results. Traditionally, self-heterodyne mea-
surements employ an optical delay line significantly longer than the coherence length of
the laser, with analysis performed via either the instantaneous power spectral density or
the noise power spectral density. However, the use of long optical fibers introduces several
limitations: substantial optical attenuation requiring amplification stages, and suscepti-
bility to thermally induced Brownian noise, which can artificially broaden the measured
spectrum. This work utilizes a short delay fiber — less than the laser’s coherence length
— can yield reliable and accurate linewidth measurements. The primary objective of
this thesis is to provide a comprehensive methodology for extracting the laser linewidth
from the power spectral density of a sub-coherence delay self-heterodyne signal, thereby

offering an improved framework for precision laser characterization.
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1 Introduction

Over the past several decades, there has been a continuous push to interrogate atomic,
molecular, and subatomic systems with increasingly higher levels of precision. As scien-
tists have pursued ever more accurate spectroscopic measurements, laser technology has
evolved in parallel to meet these stringent demands. Among the critical laser character-
istics that have come under intense focus is coherence time, which plays a fundamental
role in determining the precision and stability of spectroscopic experiments.

Coherence time, as the name implies, quantifies the temporal stability of a light
source’s phase. More precisely, it represents the characteristic time over which the phase
of the electric field remains correlated with itself. Conceptually, if one were to observe
the electric field of a laser at a fixed point in space at different moments in time, the
coherence time measures how long the field retains a predictable and stable relationship
to its initial phase. After this interval, random phase fluctuations begin to dominate,
leading to loss of coherence.

The importance of coherence time is tightly linked to laser linewidth. A longer coher-
ence time corresponds to a narrower spectral linewidth, which is essential for resolving fine
spectral features and for applications requiring high frequency stability, such as optical
clocks, precision molecular spectroscopy, and quantum state manipulation.

Modern laser systems, particularly external cavity diode lasers (ECDLs), have seen re-
markable improvements in coherence performance. Coherence times now routinely reach
several tens to hundreds of microseconds, corresponding to coherence lengths of several
kilometers. Such long coherence lengths allow lasers to serve as exceptionally stable fre-
quency references and enable the detailed interrogation of transitions with sub-kilohertz
resolution.

However, these advances also introduce new challenges in linewidth measurement. As
coherence times increase, traditional linewidth measurement techniques — such as those

relying on long fiber delays in self-heterodyne setups — become increasingly impractical



due to the need for extremely long delay lines, which can introduce significant optical
losses and environmental noise. These challenges motivate the exploration of alternative
approaches, such as short-delay self-heterodyne techniques, which this thesis aims to

systematically investigate and validate.



2 Theory

To fully grasp the objective of this project, it is essential to first understand the con-
cept of spectral line shape and linewidth — fundamental descriptors in laser physics and
spectroscopy.

The spectral line shape characterizes the distribution of frequencies, or equivalently
the Fourier spectrum, associated with the spectral coherence of a laser. More specifically,
the line shape is typically quantified by the Power Spectral Density (PSD) of the laser’s
electric field or intensity.

To demonstrate how this differs from the direct Fourier transform of a signal, we
modeled a 100Hz sine wave with gaussian noise, and took the both the FFT and the
PSD of this signal (Fig 2.1).Here we see how powerful the PSD can be, as it describes
how the power of the laser light is distributed across its frequency components, effectively
illustrating both the width and structure of the spectral line [2], while the FFT spectrum
is ruined by the noise.

In the most basic approximation, a laser can be thought of as a single-frequency
resonator, emitting light at a discrete frequency determined by the energy difference
between quantum states (Fig. 2.2). In this idealized model, the laser would produce

perfectly monochromatic light with no linewidth. However, in real systems, various noise
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Figure 2.1: Fourier Transform and Power Spectral Density of a 100Hz Noisy Signal
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Figure 2.2: Energy Diagram of a Two Level System

sources—including thermal, mechanical, and quantum noise—broaden the spectral line,
giving it a measurable width and characteristic shape. Understanding and accurately
measuring this line shape is crucial for precision applications, such as frequency metrology,
high-resolution spectroscopy, and quantum control experiments.

It is important to note that the application of PSD to characterize the linewidth is
most commonly associated with continuous-wave (CW) lasers, as these lasers inherently
exhibit long coherence times and consequently possess narrow, stable spectra.

If we assume that the laser field is dominated by a single, stable frequency then we

can model the field with a single sine function:
E(t) = / Py sin(wot) (2.1)
where wy is the angular frequency of the transition, and F, is the average intensity of the

field. The frequency spectrum is the Fourier spectrum of the intensity:

T/2 ; 0 W — Wy w Wo
I(w):/_T/QlE(t)\Qe“"tdt:% s(w) = X ) ) _d ‘; ) (2.2)

where T' is the period we integrate over, w is the frequency, and d(w — «) is Dirac delta
function centered at a.

However, the direct Fourier transform provides no insight into the statistical properties
or noise characteristics of the laser, which are essential for understanding real-world
laser behavior. Furthermore, For optical frequencies, wy typically lies in the hundreds of
terahertz — far beyond the detection capabilities of conventional electronic or photonic

measurement, equipment.



To address the first issue, this work will present the techniques required to com-
prehensively characterize the random fluctuations inherent in ECDLs. It will later be
demonstrated that typical linewidth of ECDLs falls within the range of approximately
1-100 kHz. To resolve the second issue, this study will also provide a detailed explanation
of how the optical signal can be effectively down-converted to a radio-frequency range

accessible to standard electronic measurement equipment.

2.1 Random Signal Analysis

For a perfectly monochromatic light wave, the direct Fourier transform of its electric field
yields an infinitely sharp, delta-function-like spectrum. However, in practical systems,
the laser frequency exhibits slight fluctuations around its nominal “center” frequency due
to intrinsic noise sources and external perturbations. These frequency instabilities can
be effectively modeled by introducing a time-dependent phase term into the electric field

expression:

E(t) = \/ Pysin(wo x t — ¢(1)). (2.3)

It is important to note that ¢(t) originates from stochastic processes and therefore
does not possess a direct analytical form. These underlying noise mechanisms limit the
coherence time of the laser’s energy transition, resulting in a broadening of the spec-
tral lineshape from an idealized infinitely sharp peak to a finite width. This spectral
broadening is a direct manifestation of phase instability over time.

To accurately determine the practical laser spectrum, it is essential to introduce the
concept of random signal analysis. As the name implies, random signal analysis focuses
on the study of probabilistic processes and how they influence the behavior of signals
over time. A key concept in this field is PSD, often referred to simply as the spectral
density. The PSD is a statistical measure that describes how the power of a signal is
distributed across its frequency components. Unlike the direct Fourier transform of a

perfectly monochromatic signal, which yields an idealized, infinitely sharp peak, the PSD



provides a more realistic representation of the laser’s total spectrum by accounting for
the random fluctuations that broaden the spectral line.

The PSD, S(f), discussed in this context must satisfy three fundamental conditions:

1. S(f) must be a continuous function of frequency, reflecting the continuous distri-

bution of power across the frequency domain.

2. At any specific frequency f;, the value of S(f) must be proportional to the power

contribution of the original signal at that frequency.

3. The total power of the signal must be equal to the integral of the PSD over all

frequencies, expressed as P = ffooo S(f)df

In signal processing, power has a precise mathematical definition. Given a time-
dependent function z(t) defined over a time interval [0,7], the total power P of the

signal can be calculated as:

p- %/0 2 (8)[2 dt. (2.4)

This expression is similar to the definition of the power of a force, but refers more generally
to the power of any arbitrary time-varying signal. This definition can be easily transferred
to the frequency domain by Parseval’s Theorem, which states that the Fourier transform
of a function must be unitary. This requires that the sum of the magnitude squared of

the function in the time domain must be equal to that in the frequency domain:

P:%A |x<t)’2dt:/_oowdt- (25)

[e.9]

This definition represents the average power of the signal over the specified time period.

Using the preceding expression together with the definition of the PSD, we obtain

(2.6)

where S, denotes the While useful, this expression provides no insight into the stochastic

nature of z(t). To understand why the PSD S(f) is a more meaningful and practical tool



than the direct Fourier transform in this context, it is necessary to introduce a second
integral, which is defined as the Fourier transform of the autocorrelation function of x(t),

R..(1), [2]:

T
:/ Ryo(T eﬂ’ffde—/ / — a(t —7)e T dr dt.

Through a change of variables £ =t — 7, this becomes:

1—/ /—m €)e 2 =9 e qt

] 2.7)
= 1 st an [

It’s easy to see that regardless of the choice of variables, both integrals above are equal

to the Fourier transform of x(¢). Thus, I becomes:

which is the definition of the PSD. Therefore, we find that the Fourier transform of the

autocorrelation is equal to the PSD.

Su(f) = / Rua(7)e—7 dr. (2.8)

-T

This is known as Wiener-Kitchin Theorem. This theorem is highly useful in the field of
signal processing, as the autocorrelation function serves as a measure of a signal’s self-
similarity in some time window [0,T]. This allows us to make quantitative statements

about the stochastic processes in our signal.

2.2 Phase Noise and the Diode Lineshape

When discussing the state of a semiconductor laser, there are 3 quantaties that are
important to keep track of: the number of charge carriers (N), the number of photons

(P), and the phase of those photons (¢). In fact, we actually care about the rate at which



each of these quantities change in our cavity [3]. The rate of photons in our cavity is
given by
P = (G —7)P+ Ry, + Fy(t) (2.9)

where G is the net rate of stimulated emission (often just called the Gain), 7 is the photon
decay rate, and R, is the spontaneous emission rate. Similarly, the charge carrier rate
is given by:

N =1I/q—~.N—GP + Fx(t) (2.10)

where I is the current density and -, is the charge carrier recombination rate. Finally

the rate of change of the phase is given by:
T ﬁc
¢ = —(wo—wth)—i—?(G—”y)—l—Fd,(t) (2.11)

where wy, is the threshold frequency where the cavity starts to lase, and [, is what is
called the linewidth enhancement factor. The three terms F),, Fiy, Fy are what are called
Langevin forces and they are stochastic terms meant to model the randomness in our
cavity. F, and Fj, apear due to spontaneous emission, where as F comes from the
charge carrier recombination process.

Using small signal analysis eq 2.9-2.11 become:

. 5Rap

0P = —TpdP + (GnP + —<)0N + Fp(t) (2.12)
6N = —T'y0N — (G + GpP)SP + Fx(t) (2.13)
0p = %Gn(SN + Fy(t) (2.14)

While lasing is affected both by intensity and phase fluctuations, the lineshape is
mainly shaped by the phase fluctuations. Thus, it is necessary to determined the PSD of

phase S;. Using eq 2.14, we find the fourier transform of the phase rate as:

Be

1 - -
= —(Fs + 5 GudN). (2.15)

0(w)



This expression tells us that the linewidth manifest from two mechanisms: the first is the
spontaneous emission which is represented in the Langevin force, F¢, while second term
shows the carrier population also affects the linewidth. Using eq 2.15, we can find the

the PSD by:
Sg(w) = ([wig(w) ) (2.16)

where the brackets denote the integral definition of the average of the argument. If we
assume that 6N is dominated by the spontaneous emission term Fp, then an approximate

solution can be obtained:

=y

0%
(0% — &) + (2T p)?

Sy(w) ~ =22 (1 +

o ) (2.17)

where ()p is the relaxation oscillation period.
As discussed in the previous section, if we want to know what the natural lineshape

of a laser is, we must find the PSD of the electric field. Using Equation 2.8 we find:

Sg(w) = /_oo (E*(t+T)E(t))e™ dr. (2.18)

(e 9]

For the purpose of our derivation, we assumed that power fluctuations are small enough

to not effect the field, in which case, the field is given by:
E(t) —_ P1/26—i(wot+¢+(5¢) (219)

where d¢ is a small change in the phase and wy is the center frequency of the emitted

light. Thus plugging in eq 2.10 into 2.9, we find:

Sg(w) = /OO (eiArd)emiw—w0)T 7 (2.20)
where
Ao =0p(t+7)—00(t). (2.21)

The expectation value of ¢/2? can be determined by assuming the probability density



function is a gaussian. In which case we can use the identity that the Fourier transform

of a gaussian is another gaussian in the new variable [4]:
<eiAr¢> — o~ 3{(2r0)%) (2.22)

It is beneficial to look at the Fourier transform of Eq 2.12:

1

Arp = Py /Z Sp(w) (e — ety dy (2.23)

and because the cross correlation between different frequencies is zero we find:

((07) = 1 [~ 130 Ph(1 — coster)) (2.24)

—0o0

Using eq 2.16, the expression above becomes

(A0)%) = % / h Sé(w)wdw. (2.25)

2
0o w

. Plugging in eq 2.17 would still result in an unwieldy expression, but if we assume the
relaxation oscillations are much faster than the center frequency, then we can assume

Si(w) is constant. In which case, we find:
((Ar0)%) = 75,(0) (2.26)
Taking this result we find that 2.20 becomes:
Sp(w) = P/_OO !0 =54(0)/2)7 o —iwr (2.27)

This expression is the Fourier transform of a Lorentzian centered at wg with a linewidth

of S;(0). In terms of linewidth in Hz, we find:

R,

A pr—
/ 47 P

(14 52). (2.28)

10



Mirror 1 Mirror 2

Cavity Length, L

Figure 2.3: (a) Fabry Perot Cavity, (b) Cavity Transmission, (C)Zoom in of a Transmis-
sion Peak

The value gfl’; is referred to as the Schawlow-Townes limit for a diode laser. This is
a historically important value as the Schawlow and Townes were the first to derive the
linewidth of CW lasers, particularly ammonia masers, and this is the result one would

find through their methods [5]. Here we find that the linewidth is further narrowed by a

factor of 1 + 3% which is where . gets its name.

2.3 Beat note Generation and Linewidth Extraction

The expression for the linewidth found in the previous section is very useful in outlining
the fundamental limit of semiconductor laser coherence. As useful as it is, the funda-
mental linewidth of a laser is very hard to measure directly, as wy is often far outside the
range of any electrical measuring device.

There are many ways of determining the linewidth of optical light. The most direct

11



way is to use a diffraction grating and measuring the linewidth directly from the interfer-
ence intensity pattern, but the spectral resolution here is very limited. A better way is to
use what is called a Scanning Fabry-Perot (FP) interferometer (Fig 2.3a). This is a res-
onant cavity made of two parallel, highly reflective, concave mirrors. Light at resonance
exhibits a large peak in the transmission signal, and as the cavity length is changed or
"scanned” the transmission signal quickly dies off. The problem with this kind of mea-
surement is that the spectral resolution is highly dependent on the Free Spectral Range

(FSR) and the Finesse of the cavity [6]

FWHM = ”fFS’" (2.29)
FSR is the frequency spacing between resonant modes in the cavity,
Visr = ¢/(2L) (2.30)

where c is the speed of light and L is the cavity length. The FSR is visualized in Fig 2.3b
as the two large transmission peaks. Meanwhile, finesse tells one how defined a spectral

feature can be (Fig 2.3¢) and is determined by the cavity reflectivity, r:

F= f\_/i (2.31)

From this, one can see that the spectral resolution is highly dependent on the choice of
mirrors. For instance, a bcm cavity with two mirrors of .99 reflectivity has a spectral
resolution of 10MHz. While good for some applications, modern CW diode lasers can
easily get linewidths in the kHz range.

In this section, we will discuss a robust approach to measuring linewidths for a large
range of values, including values well below any reasonable FP measurement. While the
two previous techniques are based on creating a spatial interference pattern, the main
technique that we will discuss is based on beat-note generation, which is a temporal

interference pattern.

12



The techniques of interest here are homodyning and heterodyning. Both methods
involve combining two signals at a photodetector and measuring the time-dependent,
phase-induced interference. With a homodyne measurement, the two signals are of the
same frequency, while the heterodyne technique uses two signals near the same frequency
but with one signal being slightly higher than the other (Fig 2.4).

When beating signals of equal frequencies, the resulting beat signal has the same
frequency but the amplitude changes as a function of the relative phase. This is what
one would expect for low frequency homodyning, but due to the high frequencies of
optical light the actual measured signal is a DC signal with the phase resulting in slight
fluctuations on the DC level.

With the heterodyne technique, signal is a mix of the two signals but due to the main
THz frequency, the signal is dominated by the frequency difference Af. This results in
almost a pure sinusoidal signal with frequency Af where the relative phase modulates
the amplitude of the signal.

The purpose of these techniques is to downconvert the noise spectrum of the laser into
a measurable range, with the homodyne method converting it to the near DC range, and
the heterodyne technique converting the signal to the tens of MHz range. While both
techniques seem comparable, heterodyning is usually the more preferable technique. This
is because most detectors have a much higher noise floor near DC, a phenomena called
flicker noise or 1/f noise. This high noise floor means that the signal-to-noise ratio of a
homodyne measurement is much worse than that of a typical heterodyne measurement
[7].

Up until now, the spectrum discussed does not resemble the simple Lorentzian profile
as one would expect. In general, beat-note techniques do not return the exact laser
spectrum. They can produce direct spectra in the case where the delay time is very long,
but the connection between the spectra above and the laser linewidth is obscure up to
this point.

Deriving any power spectral density starts with the equation of field at the detection

point. As seen in fig 2.4b, the field is going to be the sum of two sinusoidal fields with

13



Delay Fiber, 7,

Delay Fiber, 7,

(a) (b)
Figure 2.4: (a) Self Homodyne Technique, (b) Self Heterodyne Technique

frequencies fy and fo+ Af, where fj is the center frequency of the laser. Due to splitting
the field down two arms, in general there will be a phase caused by the time delay, 74, of

the two fields, thus the total field at the detector is:

E(t) = v/ Pocos(wot + ¢(t)) + / Pocos((wo + Q) (t — 74) + ¢(t — 74)) (2.32)

where Py is the total power at the detector, and wy and €2 are 27 times f; and Af
respectively.
The photodetector does not measure fields but instead produces a voltage proportional

to the intensity of the field, thus the intensity derived from the equation above is:

= Polcos*(wot + (1)) + cos®((wo + Q) (t — 74) + d(t — 74))

+ 2cos(wot + ¢(t))cos((wo + Q) (t — 14) + P(t — 74))].

Using the well known product of cosines identity, () becomes:

I(t) = Py[cos®(wot + ¢(t)) + cos*((wo + Q) (t — 74) + ot — 74))
+ cos(2wot — Ut — (wo + Q) 1q + O(t) + &t — 74))

+ cos(—Q + (wo + Q)1g + O(t) — d(t — 14))].

Since wy is such high frequency, any component with a wpt term will only contribute as

14



their time averages. Thus, the first two terms will average to 1/2 while the third term

averages to 0. Therefore, the measured intensity at the detector is:
I4(t) = Po(1 4 cos(—Qt + (wo + Q)1q + 0(t) — &(t — 74)).

The expression above is important because it solves the two main flaws Eq. 2 had:
1. this expression preserves the phase noise information in the form of ¢(¢) and ¢(t—74)

2. the Qt dependence means the noise spectrum has been shifted away from the THz
range down to a set frequency difference which can easily be made to be in the

bandwidth of our detector.
With the photodetector intensity, we can find the auto- correlation function [8]:

Roa(r) = %chos(m)<c03(A¢(7, 0) — Ad(r — 74, 7))

with the bracket denoting the expectation value, and where A¢(t1,%y) is the phase dif-
ference between t; and ty, ¢(t + t1) — o(t + ta).

Recalling from eq 2.22, if the phase noise is assumed to have a gaussian probability,
then (cos(Ag)) = e (292 If we also assume that the phase noise PSD (eq 2.26) then
we find:

i

Roo(T) = 7e*‘TdVchos(QT)e*%(T*‘TdD (2.33)

Here we see that if the coherence time is much shorter than the delay time, then the auto
correlation function resembles the Fourier transform of a Lorentzian (eq 2.27). Here is
precisely why it is often chosen to use very long delay fiber to do linewidth extraction.
The resulting PSD should result in a Lorentzian that is straight forward to fit.

This thesis, on the other hand, is interested in the advantages of using much shorter

delay times than the coherence length of a laser to extract the PSD. Doing the Fourier

15



transform of eq 2.33 results in:

S(w) = 1P_){1 _ ol {COS@ L Q) 4 SR E mmq } »

T 214 (w0 (w+ Q).
1
+ §P027Te_‘”|/765(w + Q).

Again, we see that if coherence time is small then we get an approximate Lorentzian. But
when coherence time and delay times are comparable, we get this oscillatory ”coherence
side lobes.”

A more commonly used expressions in this field is given in terms of frequency below
[9]:

S(f) =51 %52+ 53 (2.35)

Ly Af

T AmAPH(f- )

sin(2r7a(f — f1))
f—h

S1(f) (2.36)

Sy(f) =1 — e 2™ |cos(2mry(f — f1)) + Af (2.37)

2
Sy(1) = DU e 51 — i) (2.38)

This expression directly gives us the linewidth Af. Notice that S(f) includes a delta
function S3. This delta function can make precise fitting tricky. This feature is also
highly susceptible to electronic noise, making it a fit to eq 2.38 even more difficult. In

section 4.2 we will propose a modification to S5 that makes fitting easier.
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3 Experiments

The purpose of this thesis is to demonstrate the effectiveness of introducing a temporal
delay using an optical fiber whose length is well within the laser’s coherence time. In
contrast to the conventional approach, which utilizes long optical fibers to induce phase
delays exceeding the coherence time, this method enables a more compact design.

The main advantage of sub-coherent self-heterodyne detection is that it reduces fiber-
induced 1/f noise. Fiber induced noise is a phenomena where temperature and vibration
induced fluctuations in the fiber length or index of refraction induce a phase in the light
traveling through the fiber. This noise is separate from the inherent noise of the laser, and
increases with delay fiber length [10]. The inclusion of this noise broadens the apparent
laser spectrum, and often requires a fitting to Voight when fibers longer than the the

coherence length of the laser is used.

3.1 Self-Heterodyne Design

Based on the discussion of the PSD in section 2.3, there are two key components necessary
for generating the heterodyne spectrum. The first component involves creating a phase
delay, using a long optical fiber. The other necessary component requires generating a
frequency difference of the beating signals to eliminate the DC noise. To accomplish this

frequency difference in the optical range, an acousto-optical modulator, or AOM is used.

Quartz
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Figure 3.1: AOM Diagram
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An AOM is a device composed of a transparent medium, typically quartz, and a
piezoelectric transducer, PZT, as shown in figure 3.1. The PZT is a ceramic component
that expands and contracts in response to an applied voltage. Applying an AC signal to
the PZT while it is in contact with the quartz creates sound waves in the material. These
waves affect the density and thus create areas of high and low index of refraction. This
modulated index of refraction makes the AOM act as a transmission grating, deflecting
the beam as shown in fig 3.1. Because this diffraction is induced by a moving wave, the

diffracted wave is Doppler shifted by the wave frequency:

f=Jfo+tmhf (3.1)

where m is the diffraction order. Including the AOM means we can beat the laser with
itself, which inherently means the noise spectrum down both arms are identical. If the
AOM was not included, then one would need a laser with smaller noise spectrum, de-
tuned slightly from fj, in order to only measure the noise spectrum of the studied laser.

As shown in figure 3.2, the light is split down two arms using a polarizing beam
splitter, PBS. This, in combination with a half-waveplate, HWP, allows us to control the
ratio of light down each arm. This is because the PBS splits light based on whether it
is parallel or perpendicularly polarized, and the HWP rotates the polarization. After
the PBS, some of the light is sent through the delay fiber and some is sent through the
AOM. The delay fiber was chosen to be a single mode telecom fiber, as long fibers in
this regime are typically cheap. This also means we expected losses in the delay fiber
due to coupling inefficiencies. The light sent through the AOM is deflected slightly but
still has some chance of interacting with the photodetector, so an iris ensures the best
isolation between the Oth and 1st order. After the delay fiber, a second HWP is used
to match the polarization of the two arms for optimal interference. Because the light
has to be recombined without influence from the polarization of either beam, a non-
polarizing beam splitter, NP-BS, was used. Finally, the signal from the photodetector is
sent to a TinySA Ultra spectrum analyzer which outputs the PSD. The AOM used was

an IntraAction Corp AOM with a 40MHz center frequency, driven by a Minicicuit ZHL
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Figure 3.2: Experimental Setup of Self heterodyne Experiment

1-2W+ RF amplifier.

The expression found in the previous section gives some insights into how long of
a fiber should be chosen for a given measurement. Using Eq 2.35, it can be seen that
different linewidths can influence the the contrast between adjacent extrema, as seen in
Fig 3.3. Here we see the plot of S; x S, for two different linewidths using the same delay
time.

This plot shows that linewidth serves mainly to decrease the size of the of the coherent
sidelobes. The improved contrast between x and y implies that a better measurement
could be extracted for the 10 kHz linewidth using a subcoherent approach than could be
done for the 100 kHz linewidth. This runs counter to the incoherent approach, where
smaller linewidths imply worse relative resolution, and thus more uncertainty [11].

To further show how, using Eq 2.35, we made a plot of the contrast between the first
minima and maxima after the main lobe. This comparison was made for multiple delay
fiber lengths as shown in fig 3.4. Here we see that contrast is generally higher for shorter
fibers. The intersection with the line at 0dBm represents where 7; < 7.. This is roughly

where the Lorentzian term starts to dominate in our expression, Eq 2.35.

3.2 ECDL Design

As a way of verifying the results of our instantaneous linewidth extraction, we chose to

compare the linewidth of a laser to a well known and easily resolvable transition. For this
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Figure 3.5: 780 nm ECDL

reason we chose the D-line transitions of 8" Rb. The precise transitions and the reason for
choosing these will be explained in section 3.4.

In order to interrogate the specific transitions we are looking at, we required a laser
centered around 780 nm. This laser also had to be capable of producing linewidths
narrower than the transition lifetime. For this reason we chose to build an External
Cavity Diode Laser (ECDL) with a 780 nm laser diode as the gain medium.

The ECDL is a common diode laser design that is meant to improve the stability of
a bare laser diode. A bare laser diode diode works in a way similar to a Fabry Perot
Caivty (2.2a), where the reflective facets of the laser serve select and narrow a specific
frequency.

The Fabry Perot laser is flawed in two main ways:

1. The cavity size L is on the order of a diode chip ( 5 mm), which makes mode spacing

relatively large according to 2.10, but FWHM increasing in proportion.

2. The small size makes it hard to servo L, meaning frequency selectivity is almost

entirely dependent on the diode current.

The ECDL is designed to correct these flaws. As seen in Fig 3.5, the ECDL is composed

21



of a laser diode, a collimation lens, and a diffraction grating. Unlike the FP Laser, where
both the front and back facets of the chip were high reflection (HR) coated, here the
front facet is anti-reflection (AR) coated. This means very little of the amplification
comes from the internal diode cavity. Instead, a diffraction grating redirects the light out

of the diode, according to the grating equation:

a(sin(by,) + sin(6;)) = mA (3.2)

The precise design we used is called the Littrow Configuration. This is where the
grating angle is set so that the first order, m = 1, beam is reflected back into the diode,

0; = 01, which simplifies the grating equation significantly [12]:

A = 2asin(6;). (3.3)

This makes a resonant cavity with the HR back facet of the diode and the Partially
Reflective (PR) face of the grating. From equation 3.3, we can see that we no longer
need current or cavity length control for frequency selectivity. Instead, we can rotate the
grating to choose the lasing frequency of the cavity. The increased cavity size ( 5em) also
serves to reduce the linewidth by at least two orders of magnitude.

While the ECDL can reduce the phase noise in the laser, extending the cavity size
makes the cavity much more susceptible to temperature induced noise. To reduce temper-
ature effects, our cavity design has two thermoelectric coolers (TECs), which can be seen
in under the lens mount in Fig 3.5. Our ECDL is made of two independent, aluminum
housings; the internal housing is the cavity itself with the grating and diode housed inside,
while the outer housing is meant to isolate the cavity from the lab environment.

The first TEC is is placed under the cavity housing and is meant to temperature
stabilize the cavity as a whole. As the temperature rises, the cool side of the TEC cools
the cavity and uses the large thermal mass of the outer shell as a heat sink. This, in
theory, should eliminate the temperature induced cavity length drift.

The second TEC, on the other hand, is meant to eliminate phase noise from the diode
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that is caused by the temperature dependent index of refraction of the diode. This TEC
is placed right below the diode mount and works much in the same way as TEC 1.
TEC 1 and 2 are independently monitored by dedicated thermistors mounted near the
desired servo-ed mass. Each TEC-thermistor pair forms a thermal loop, which provides
an output and input to a Proportional-Integral-Gain (PID) controller respectively. The
PID monitors the temperature error AT, given by Tye; — Tinermistor, and drives the TEC
to reduce AT to 0. The PID is tuned using a Zigler-Nichols approach to quickly drive

the temperature to Ty.;.

3.3 Fitting Procedure

All free running linewidths presented in this paper were extracted by doing a global fitting
using a nonlinear least square fit to the PSD equation, although the final equation used
was not the exact PSD derived in 2.3.

There are two main issues with using the exact expression for the self heterodyne PSD.
The first issue is demonstrated in fig 3.6a. Here we see a fit to the data that reliable
reproduces the sidelobes, but does not fit the center delta feature. For multiple reasons,
the delta feature never matches theoretical predictions [9], [13]. The second issues is
revealed by doing a short range scan of the PSD (Fig 3.6b). This scan was done with a

resolution bandwidth of 30 kHz, and at this resolution we see that the delta feature is
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Figure 3.7: Diagram of 8" Rb D-line Transitions

significantly broadened. We will see later that this broadening becomes more severe as
resolution bandwidth increases.
For these reasons we replaced the S3 therm is the PSD with an arbitrary function

that is derived in section 4.2.

3.4 Rb Spectroscopy

As a benchmark test for our linewidth estimation, we decided to compare the free-running
linewidth of our 780 nm ECDL to hyperfine transitions of 8"Rb. 8"Rb was the first
molecule used to create a Bose-Einstein Condensate (BEC). This fact has made it the
source of multiple studies, and as such made the optical spectrum of 8" Rb very well known.
This, combined with the relatively large absorption coefficients and moderate lifetimes
of transitions near 780 nm, makes 8" Rb a good candidate for a reliable optical, absolute
reference.

The specific transitions are the D-line transitions of ¥ Rb shown in red in Fig 3.7 [14].
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These transitions have a linewidth of 6MHz, but center of the transition can be measured

to much higher resolution through Frequency Modulate (FM) Spectroscopy.

The way we measured these narrow transitions was through saturation absorption

spectroscopy as shown in Fig 3.8. This approach allows us to measure the Doppler free

spectrum of 87 Rb, but also produces crossover transitions caused by overlap of different

Doppler shifted transition. This means our spectrum has 3 extra peaks at the average

frequency of two real transitions [15].

By modulating the current to the diode, we were able to modulate the laser frequency

as the expression shown below:

E(t) _ Eoeiwot—l-iﬂsin(wmt)

where [ is the modulation amplitude and w,, is the modulation frequency.

This equation can be expressed as an expansion of Bessel functions [1]:

+o0
B0 = B Y (e

(3.5)

where J, is the nth order Bessel function. The end result of this type of scheme is that
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an anti symmetric lock point is generated by frequency modulation.

When the laser scans over the resonance of the transition, the modulation has very
little effect on the transmission through the cell, due to the symmetry and small curvature
at the peak. Meanwhile, at the inflection points of the transition, the curvature is large so
the transmission experiences the largest effect near these points. The slope on either side
of the transmission has opposite signs, so the transmission will have opposite signs which
results in a the antisymmetric signal shown in figure 3.8. Functionally, the reaction of
the transition to a modulating signal converts the frequency modulation into amplitude
modulation.

This can be used to reliably measure the linewidth of a transition, but it typically
requires small values of 5. This is because when  is small, and thus the size of the
modulation away from resonance is small compared to the FWHM, then the intesity

measured by the photodetector will have the form:

Iy(w) = Iy(wo) + % (Bsin(wpt) (3.6)

Therefore, in the limit that 3 is smaller than the FWHM, we can assume the transmis-
sion signal is proportional to the derivative of the natural shape of the transition. The
antisymmetric shape of the derivative provides a more precise estimate of the transition
crossing, and also opens up the possibility of servo-ing the laser current to center of the

transition.

26



4 Results

4.1 Rb Locking and the ECDL Upper Bound

The purpose of conducting frequency modulated spectroscopy of 87 Rb was to set an upper
limit on the free-running linewidth of the 780 nm ECDL. This would serve as a measure
of the reliability of our self heterodyne measurements.

Above is an image of the hyperfine spectrum discussed in section 3.4 as observed on
a oscilloscope, along with the derivative signal generated by frequency modulating our
laser. The orange trace was generated by applying a ramp to the current, which allowed
us to sweep the center frequency of the laser. To get the best possible lock, the ramp had
to be small enough to contain only one spectroscopic feature, as shown in fig 4.1b. The
ramp rate at this instance was measured to be 863 mV /ms.

Assuming that each spectroscopic feature is a Lorentzian, as one would assume for
the natural lineshape of an atomic transition, then the distance between the maximum

and minimum of the derivative is related to the natural linewidth by:

Af = \?Af (4.1)

where Af is the the linewidth of the Lorentzian. Assuming the linewidth is 6MHz, then
Af'~35MHz

Dividing the Af’ by the measured time between minimum and maximum, we got
frequency rate of 14 MHz/ms. Dividing our ramp rate by this frequency rate gave us
a conversion factor of 16 kHz/mV. This conversion factor is important because it allows
to convert the electrical signals measured by our photodetector into the frequency of our
laser.

Once the laser was locked, we measured and error signal of 1.5mV RMS. This trans-
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Delta Feature to a Gaussian of Width Equal to RBW

lates to a locked linewidth of 24 kHz. This result is the upper limit of our possible
measured linewidth by the self heterodyne measurement. This is the upper bound be-
cause a low signal to noise ratio could make the locking linewidth larger than the natural
linewidth, or residual amplitude modulation (RAM) could broaden the derivative signal
[16]. The latter is very likely because the modulation depth in our case was relatively

large.
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4.2 Noise Floor and Window Function Modeling

An important step in the process of linewidth extraction was establishing the limitations
of our spectral analyzer. As mentioned before, we used a TinySA Ultra.

Spectrum analyzers are devices meant to measure an approximate spectrum known
as a periodogram [17]. This works my sectioning off the spectrum into multiple frequency
bins and then sweeping a filter over each bin. By doing this it calculates the truncated
PSD of each bin and then stitches the signal back together at the end.

An important feature in this kind of PSD is the shape of filter used to window the
spectrum. Fig 4.2a shows a close up measurement of the subcoherent PSD centered at
the AOM frequency of 40 MHz. The subcoherent PSD equation states that at 40 MHz
we expect to see a sharp delta feature, but as seen in Fig 4.2a there is a broadening of
that feature. That broadening is caused by the finite size of the window. This is called
the Resolution Bandwidth (RBW). Thus, for modeling, it is more effective to replace the
delta feature with the window function.

Fig 4.2b shows the ’delta’ feature with a 100kHz and 10kHz RBW, for the same signal.
It is important to note that the feature narrows as the RBW decreases. It should also be
noted that the choice of window affects the offeset of the signal.

We assumed that the window function chosen by the manufacturers of the TinySA
was a gaussian:

In(2)(z—x )2
f(g;) = ae4 F?/VH]\/[Ql

where FWHM is the full-width half max of the gaussian and x; is the center position.
Since the spectrum analyzer displays results in dBm, we used the following quadratic

expression expression for ease in fitting:

10 4ln2

. _
Window(f) = a+ o s T I

(f = f* (4.2)

Figure 4.2¢ shows this fitting function over just the truncated PSD that contains the

broadened delta.
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From our fit equation, we extracted the FWHM for multiple RBWs and plotted them
against each other as shown in fig 4.3. Doing a linear fit to this data,we extracted a slope
a 1.2. The factor of 4in2 is particular to the the the width of a gaussian, so the fact that
we got 1.2 as our slope indicates that our assumption to model the window as a gaussian
was accurate.

As mentioned before, the choice RBW affects the noise level, as seen in Fig 4.2a.
This is due to the noise floor of the detector changing with RBW. The noise floor is the
smallest possible signal that can be measured. If we were to try to measure the PSD
past the noise floor we would see a truncation of our signal, which would affect our final
linewidth estimate [7].

The noise floor was measured by terminating the spectrum analyzer with a 50 €2
terminator, to measure just the noise of the detector itself. The smallest noise floor was
measured to be 110 dBm, so any measurement that was near that floor had to amplified
with a low noise amplifier.

We also notice that while RBW affects the noise level, it does not change the size of

the actual noise. Determining the noise envelope was necessary as certain features of the
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PSD could be obscured by the noise.

In order to determine the noise power in our system we measured the PSD of the 780
nm laser through a 2 km fiber with a 10 kHz RBW. This measurement was done 16 times
back to back as shown in figure 4.4a.

We assumed the average represented the real noise free PSD and took the residual
between the average and a single scan, as seen in Fig 4.4b. Taking the standard deviation
of the residual, we found the noise power of single measurement to be 3dBm. This
means that resolving any feature in our PSD requires either more than 3dBm contrast or

averaging of multiple measurements.

4.3 Linewidth and Delay Time

As mentioned before, this paper accesses the effectiveness of our fitting procedure by
using three different lasers: a 950 nm DFB laser, a home built 780 nm ECDL, and a
turn-key 720 nm DL Pro Laser from Toptica. These three lasers where measured with
both a 120 m and 2 km delay fiber.

Since the best way to establish the precision of a laser is through comparison to a
fixed, high precision, atomic source, the most important laser to quantify was the 780 nm
ECDL. This is because from the 780 we were able to extract a very narrow measurement
of the hyperfine 87 Rb. Due to the limited signal to noise and the large modulation depth

used, we were only able to establish the 24 kHz FM linewidth as the upper limit of our
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780 ECDL. Thus, our expectation was to measure a value lower than that.

Using the modified PSD established in setion 4.2, we fit the 780 nm data for the 125
m and 2 km fibers, as shown in figure 4.5. As can be seen, both fits show significant
distortion around the center lobe. This is likely due to broadening effects such as current
and fiber noise. It is likely that fiber noise is the main contributor as we would expect
longer fibers to distort the spectrum more, due to the higher possibility of phase jittering,
and in fact that is what is observed. Later we will discuss how fiber noise can be accounted
for in the fit.

From our fits we where able to extract the linewidths from the 120 and 2000 m fibers
to be 1.5 kHz and 8.8 kHz respectively. Both values agree with our assumption that we
would expect a value to be lower than 24 kHz.

We assumed that the 1.5 kHz is the nearest estimate to the true linewidth due to the
fact that, as established in section 3.1, the estimate of the linewidth in this sub coherent
arrangement is much more sensitive to the contrast of side lobe extrema. Typically one
would choose to use the 1st set of extrema as fixed points to extract the linewidth from,
as [ did in 3.4. This is because further points are much more susceptible to the influence
of the noise floor. From Fig 4.5b, we see significant distortion of the far away extrema,
but we also see the noise envelope obscuring the low order extrema. Fig 4.5a, instead
shows very good agreement for the first lobe and only slight distortion for the second and

third set of extrema.
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As a demonstration as to why the 780 can not be measured in its locked state, Fig
4.6 demonstrates both the derivative signal generated by the FM dithering (a,c) and the
spectrum achieved when dithered (b,d). Fig 4a clearly has the best saturated absobtion
spectrum, but this was done with a very large modulation depth which resulted in a
multiple peaks in the PSD 4 MHz appart. Alternatively, we ran the experiment at
a modulation depth near 1, and this produced a much better PSD, but the signal to
noise for locking was clearly a lot worse (Fig 4.6d). The fact that the PSD has these
modulation peaks in them spoils the laser linewidth as the power is distributed between

multiple peaks.

Linewidth and Delay Time Results

Delay Fiber || 780 nm ECDL | 729 nm Toptica | 950 nm DFB
Length (m) (kHz) Laser (kHz) (kHz)

120 1.5 7.8 9.1

2000 8.8 23 1.4

Table 4.1: Linewidth of Different Lasers using 120 m and 2000 m Delay Fibers

Fig 4.7a-d further show the effectiveness of using a short delay fiber. These are scans
of both the turn-key diode laser from Toptica, and our home built DFB laser. The

results of these fits are summurized in table 4.1. In Fig 4.7 a and ¢, we can see very
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Delay, (¢)720 nm DL Pro PSD with 120 m Delay, (d)720 nm DL Pro PSD with 2000 m
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good agreement between our regression fit and the measured spectrum. Both PSD show
regular side lobe patterns and very little excess buldging in the center lobe. Fig 4.8 b and
d on the other hand demonstrate multiple issues that make them hard to fit. The 2000
m fit of 729 nm laser (Fig 4.7 d) demonstrates very small coherence peaks that makes it
hard to fit to the exact PSD, but also has some broadening and anomalous features that
makes Lorentzian fitting inaccurate. The DFB laser has a very inconsistent spectrum,
but the side lobe contrast is much higher than would be expected. Ultimately, the loss
of laser power through long delay fibers and the the introduction of fiber noise makes the

use of very long fibers non ideal for linewidth extraction.
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4.4 Spectrum Broadening Noise Sources

The main limiting factors in our estimation of our laser linewidths are noise sources that
contribute some broadening feature to the final PSD. By definition, stochastic processes
do not have closed analytic expressions because of their random nature, but the PSD
often does have an analytic expression. This is how we derived the natural linewidth
of the laser to be a lorentzian. This lorentizian profile comes from homogeneous noise
sources, that is to say that the noise level is the same for all frequencies.

We are specifically talking about the PSD of the frequency noise, which is related to

the phase noise PSD by:
S.(f) = £2Ss(f)- (4.3)

This is to say that white noise describes both 1/f? phase noise and constant frequency
noise.

The most common type of inhomogeneous noise is 1/f3 phase noise, or 1/f frequency
noise, often called pink noise or flicker noise. Flicker noise typically arises in our laser
from power fluctuations. This type of noise also has a analytic PSD, in the form of a
Gaussian.

In general, laser noise is often characterized by 1/f noise sources. As these noise
sources die of faster for larger order of «, it is typically required to measure for longer
times to see higher order noise profiles [18, 19]. There have been studies that have been
able to characterize Brownian noise —1/f? frequency noise— in DFB and DBR lasers [20],
but treatment of these higher order noises are more involved and does not have a simple
expression like pink or white does.

A fully rigorous treatment of the PSD would involve an expression that is the convo-
lution of the natural Lorentzian lineshape of the laser with higher order noises [21]. This
is where the Voight profile in the incoherent DSH method arrises from. Phase noise in
the fiber results in power fluctuations at the detector, causing the lortenzain and gaussian
noise profiles to overlap [10].

In order to demonstrate the effect of Flicker noise, we fit a single gaussian to the center
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peak as shown in Fig 4.8. These plots use the same data as the 780 nm estimate from
figure 4.5. While it is not a fully rigorous fit to the constitutional model, we still improved
the closeness of the fit here. For the 120 m and 2 km, we extracted new linewidths of 2.4
kHz and 10 kHz respectively.

The hope would be that fitting the entire spectrum, including broadening noises,
would result in linewidth estimates converging for all fiber lengths, controlling for noise
floor truncation. From figure 3.4, we already know that the contrast between adjacent
extrema scales exponentially with linewidth, thus it is fair to assume that our results in
section 4.3 and the results reported above agree with each other. This also confirms our
assumption that even ignoring broadening features, closeness of the fit to the side lobe
features and extrema is a more reliable estimate for linewidth, especially because contrast
improves significantly with shorter delay times

We have reason to assume that the significant distortion in the central lobe is due to
current noise. This is because we also did linewidth estimations of the 950 nm DFB with
a worse current supply. The results presented in 4.3 where done with both 780 nm and
950 nm lasers running off a Vescent D2-105-200 power supply, which is regarded for its
low noise opperation. On the other hand, fig 4.9 shows the PSD of the DFB running of
a Wavelength Electronics MPL-500 Laser Diode Driver. This driver has a significantly
larger current noise (3 puA rms [22]) compared to the the vecsenct driver ( 50 nA rms

[23]). Current noise, when sufficiently small, should only present as power fluctuations.
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Figure 4.9: Current Induced 1/f Noise in 950 nm DFB

As discussed, this means the noise should resemble flicker noise and as such should follow

a gaussian. Fig 4.9 is a fit to the data including a gaussian to the center lobe.
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5 Conclusion

The technique demonstrated in this paper, where a delay fiber shorter than the coherence
length of a light source, has been shown to produce linewidth estimations of better quality
than traditional means. We have demonstrated that fibers short enough to produce well
resolved coherence in the PSD can allow one to determine laser linewidths while reducing
external fractional noise that distorts the PSD of lone delay fibers. We also demonstrated

a technique to extract the linewidth from data that demonstrated prominent 1/f noise.
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